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A complication in proving factorization theorems in Feynman gauge is that individual graphs
give a super-leading power of the hard scale when all the gluons inducing the hard scattering are
longitudinally polarized. With the aid of an example in gluon-mediated deep-inelastic scattering,
we show that, although the super-leading terms cancel after a sum over graphs, there is a residual
non-zero leading term from longitudinally polarized gluons. This is due to the non-zero transverse
momenta of the gluons in the target. The non-cancellation, due to the non-Abelian property of
the gauge group, is necessary to obtain the correct form of the gluon distribution function as a
gauge-invariant matrix element.
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I. INTRODUCTION
Many studies of the factorization theorems of per-
turbative quantum chromodynamics (pQCD) were per-
formed in axial or light-cone gauge. These gauges are
appealing because there are no unphysical gluon polariza-
tions or Faddeev-Popov ghosts, and the number density
interpretation of parton distribution functions (PDFs)
is clearer in light-cone gauge than in covariant gauges.
However, in axial or light-cone gauge, the gauge-field
propagator has unphysical singularities, which obstruct
contour deformations needed in the proofs of factoriza-
tion. Thus it is necessary to examine factorization in
Feynman gauge where analytic properties associated with
relativistic causality are manifest. A classic example of
this is in the factorization proof for the Drell-Yan pro-
cess [1, 2]. More recently, the process-dependent Wil-
son line directions in spin-dependent processes have been
shown to be important for obtaining the correct relative
sign in single-spin asymmetries [3, 4]; the derivation of
the Wilson line directions is easiest in Feynman gauge.
An essential complication in Feynman gauge is that
exchanges of longitudinally polarized gluons between a
collinear subgraph and the hard-scattering subgraph con-
tribute at one higher power of the hard scale than in ax-
ial gauge. One consequence is that there is no suppres-
sion for adding extra gluon exchanges between the tar-
get and hard-scattering subgraphs. A second and severe
consequence is that when a hard scattering is induced
by gluons, we find “super-leading” contributions, graph-
by-graph. For example, super-leading terms for the deep
inelastic structure function F2 are of order Q
2, compared
with the normal scaling behavior of Q0 (up to logarithms
of Q). Arguments using gauge invariance are needed to
show that the super-leading terms cancel after a sum
over graphs for the hard scattering, and that the leading
terms combine to form gauge-invariant parton densities
times conventional hard-scattering coefficients. Unfor-
tunately the details are not clearly worked out in the
literature. That there is a cancellation of super-leading
terms was shown by Labastida and Sterman [5]. They
concentrated on issues in hadron-hadron scattering, but
their argument applies more generally, for example to
deep-inelastic lepton scattering (DIS).
However, their argument also appears to suggest that
there is a vanishing of the sum over graphs in which all
exchanged gluons are longitudinally polarized. In fact, as
we will show in this paper, the sum is actually nonzero;
only the super-leading part cancels. This is a specific
property of a non-Abelian gauge theory; the sum is in-
deed zero in an Abelian theory. This is important be-
cause the non-zero sum combines with terms with other
polarizations for the gluons to give the correct gauge-
invariant form [6] for the gluon density.
As far as we know, there is no detailed treatment in
the literature of the role played by the gluon polarization
in factorization, even at the level of low order Feynman
graphs. In this paper, we give a detailed discussion at the
level of two-gluon exchange (in the amplitude). Under-
standing the exact nature of the contributions from the
various kinds of polarization is important, not only to
make sure that ordinary factorization is understood, but
also to allow correct generalizations of factorization to be
obtained (to include unintegrated PDFs, for instance).
The key observation is that the target gluons are only
approximately collinear — they have small but non-
vanishing transverse components of momentum relative
to their parent hadron. In contrast, the Labastida-
Sterman argument treated the gluons as having zero
transverse momentum. This was sufficient to show can-
cellation of the super-leading terms. But it does not al-
low a correct treatment of the remainder, which is power
suppressed relative to the super-leading terms, but does
contribute to the leading power.
It should be emphasized that these issues are of direct
practical importance. Perturbative calculations often re-
quire the accurate identification of a gluon PDF. In a sub-
tractive formalism, perturbative corrections to the PDF
are needed to obtain correct higher order hard-scattering
coefficients. In different formalisms it is important to
ensure that the same gluon PDF is being used. In the
pQCD dipole picture, for example, the qq¯ dipole cross
2section depends on the gluon PDF in the target (see [7]
and references therein). Ideally, it should be possible to
show that this is the same gluon PDF that arises in stan-
dard pQCD factorization theorems.
The basic steps for deriving factorization for inclusive
γ∗p→ X scattering are as follows:
1. Consider the most general type of region that con-
tributes at or above the standard leading power in
Q/Λ. Here, Λ is a typical hadronic mass. In this
paper, we will only consider the contribution illus-
trated by the cut diagram in Fig. 1(a). The hard
scattering is induced by gluons from the lower bub-
ble, L, all of whose lines are collinear to the tar-
get. The final state of the hard scattering consists
of a quark and antiquark, which emerge from the
hard-scattering bubbles, HL/R at wide angles. Ar-
bitrarily many target collinear gluons (represented
by the gluons and the “· · · ”) may attach the target
bubble to the hard bubbles. In general, the out-
going quark and anti-quark evolve into bubbles of
final-state collinear lines. However, the integration
contour in the sum over final-state momentum may
be deformed into the complex plane to where the
final-state lines may be treated as being off-shell by
order Q2 [5].
2. Use Ward identities and appropriate approxima-
tions to disentangle and factorize all the “extra”
gluons. For the set of graphs we consider, the re-
sult should be a convolution product of the on-shell
amplitude for γ∗g → qq¯ scattering with a non-
perturbative factor containing target-collinear glu-
ons. A graphical representation of the result of this
last step is shown in Fig. 1(b). The double lines rep-
resent Wilson lines that make the parton densities
gauge invariant.
3. The non-perturbative factor in the final factoriza-
tion formula of step 2 indicates an appropriate op-
erator definition for the gluon PDF. This same op-
erator definition appears in other factorization for-
mulas for other processes, thus allowing the gluon
density to be fitted and used in multiple calcula-
tions.
We will follow these steps for the case of one and two
gluons. In a complete derivation of factorization, we also
need to perform double counting subtractions (not shown
explicitly in Fig. 1). However, the details of the sub-
traction procedure are not important for the main issues
discussed in this paper, which focuses only on the factor-
ization and identification of the gluon PDF for a specific
region of momentum space. We will therefore include
only a brief discussion of subtractions, in an appendix.
In Sect. II, we describe the kinematics of DIS and the
notation and conventions to be used in the rest of the
paper. In Sect. III we treat the simple case of a single
target-collinear gluon, to establish our basic technique.
In Sect. IV we describe the properties of the standard in-
tegrated gluon distribution function. Then in Sect. V we
extend the argument of Sect. III to the case of two target-
collinear gluons and illustrate the role the longitudinally
polarized gluons play in the definition of the gluon PDF
in Feynman gauge. We give comments and a summary
in Sect. VI. In an appendix we review the subtraction
procedure appropriate for a more general treatment.
II. BASIC SETUP
The basic kinematic variables are the standard ones
for DIS. The light-front coordinates of the momenta of
the incoming proton and photon are, respectively,
P =
(
P+,
M2p
2P+
,0t
)
, q =
(
−xP+, Q
2
2xP+
,0t
)
.
(1)
Since we have kept the proton mass nonzero, the longitu-
dinal momentum fraction, x, is not exactly equal to the
usual Bjorken xBj, but is related to it by
x =
2 xBj
1 +
√
1 + 4
M2p
Q2 x
2
Bj
. (2)
We work in the Breit frame, where xP+ = Q/
√
2. To
characterize the forward direction, we define the exactly
light-like vector
nJ = (0, 1,0t). (3)
In this paper we restrict our attention to contributions
from graphs of the form of Fig. 1(a), and it will be most
convenient to work at the level of the amplitude shown
in Fig. 2. The upper part of the graph, denoted by U ,
describes the scattering of a virtual photon off gluons.
The lower part of the graph, denoted by L, describes the
emission of the gluons from the target proton. In general,
the amplitude for scattering off N gluons in the target
can be conveniently expressed as the contraction of U
and L. With the momentum labels shown in Fig. 2, we
have
Mν = U(l1, l2; {kj})ν,µ1···µN L(P ; {kj})µ1···µN . (4)
Here j runs from 1 to N . We will use ν to label the elec-
tromagnetic index, and µj to label the gluon indices. The
quark and anti-quark momenta are l1 and l2 and emerge
from the hard scattering at wide angles. The kj label the
gluons connecting the two subgraphs. We will be exam-
ining the contribution when each is in a neighborhood of
the target collinear region:
kj ∼
(
Q,
Λ2
Q
,Λ
)
. (5)
We can treat both U(l1, l2; {kj}) and L(P ; {kj}) as be-
ing obtained by a sum over all graphs with the requisite
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FIG. 1: (a) Leading region for γ∗p → qq¯X. (b) Graphical structure obtained after applying Ward identities to the target-
collinear lines in (a).
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FIG. 2: Basic amplitude with arbitrarily many target
collinear gluons.
external lines. From the examination of examples, it can
be seen that each graphical contribution to the amplitude
Mν is obtained N ! times. We compensate by defining
L(P ; {kj}) to include a factor 1/N !.
III. SIMPLEST CASE: A SINGLE TARGET
GLUON
We start with the simple case of the exchange of one
gluon, as shown in the graphs of Fig. 3. The amplitude
is of the form
Mν(1g) = Uνµ′gµ
′µLµ. (6)
The subscript (1g) denotes that one gluon is exchanged,
and we have explicitly shown the numerator gµ
′µ of the
gluon propagator. To simplify notation, we will often
omit the momentum arguments and the index ν of the
electromagnetic current.
The gluon is collinear to the target, and l1 and l2 are
at wide angle, so that the quark subgraph is the hard
scattering. We will show that, after a sum over diagrams,
P
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FIG. 3: Amplitudes for scattering off a single gluon.
the lower part of the graphs in Fig. 3 can be separated
into a factor that can be identified as a contribution to
the gluon distribution function.
There are regions where the target gluon may go far off-
shell, but in that case it should be regarded as belonging
to the hard-scattering subgraph at one higher power of
g2s . For this paper, we restrict ourselves to the case where
the hard-scattering coefficient is lowest order (LO) in g2s .
A. Power counting
To understand the power counting in Q, for large Q/Λ,
we first observe that the target is highly boosted in the
plus direction, so that
L+ ∼ Q/Λ, Lt ∼ 1, L− ∼ Λ/Q, (7)
up to an overall power of Λ. Since l1 and l2 are at wide
angles, all components of U are of comparable size, and
given by the dimension of the quark part of the graph:
U− ∼ U+ ∼ Ut ∼ Q0. (8)
4To obtain the structure function, we square the ampli-
tude and integrate over the final states. The integral over
the gluon momentum k is invariant under boosts from the
target rest frame, and therefore does not contribute any
power of Q. The Lorentz-invariant phase space integral
for the qq¯ pair,
d3l1 d
3
l2
(2π)64|l1||l2| (2π)
4δ(4)(l1 + l2 − q + k), (9)
is dimensionless. Thus it also contributes a zero power
of Q when the quark-antiquark pair is at a wide angle,
where all components of l1 and l2 are of order Q. Thus
the overall power of Q is that for the squared amplitude.
From Eqs. (7), (8), we see that the largest power
of Q is from the term U−L+ ∼ Q/Λ, for individual
graphs. Squaring this gives the previously mentioned
super-leading power of Q2 in a structure function. In
the next subsection, we will use a generalizable method
to demonstrate cancellation of the super-leading terms in
the amplitude. To give a correct treatment of the lead-
ing terms (Q0), we need to work at next-to-leading power
accuracy in Q relative to the super-leading power. We
also need to show that the leading terms correspond to
a correct definition of the gluon density.
B. K and G gluons
A convenient technique was introduced by Grammer
and Yennie in the context of QED [8]. In this approach,
the propagator numerator in Eq. (6) is split into two
parts:
gµ
′µ = Kµ
′µ +Gµ
′µ, (10)
where
Kµ
′µ =
kµ
′
nµJ
k · nJ , (11)
Gµ
′µ =gµ
′µ − k
µ′nµJ
k · nJ . (12)
In these definitions, we use the light-like direction nJ
which characterizes the outgoing jet direction. The ratio-
nale for this choice is that the dominant term in U · L is
the one obtained from the g+− component of the gluon-
propagator numerator. K+− reproduces exactly this
component, the remaining components of K give smaller
contributions, andK has a factor kµ
′
, which allows gauge
invariance to be applied.
We use Eq. (10) to separate Eq. (6) into two parts
which we call the “K-term” and the “G-term.” We will
also use the terminology of the exchange of “K-gluons”
and “G-gluons”.
From Eq. (5), we determine the Q dependence that
results from the individual components in the K-term:
U−K+−L+ ∼ Q
Λ
, (13)
U tKt−L+ ∼ Q0, (14)
All others ∼ Λ
Q
, or smaller. (15)
The K+− term gives the super-leading contribution, as-
sociated with the power of Q in L+. Changing to Kt−
removes one power of Q, by changing k+ to kt. The re-
sulting power, Q0, we identify as the standard leading
behavior.
As we will see explicitly, gauge invariance ensures that
k dotted into the sum of all graphs in the upper bubble
vanishes, so that ∑
graphs
Uµ′Kµ
′µ = 0. (16)
Hence the K-term can be dropped, so that Eq. (6) gives
M(1g) = Uµ′Gµ
′µLµ. (17)
Only the terms with transverse components on µ′ are un-
suppressed in Eq. (17). This is easily verified by defining
L˜µ′ ≡ Gµ′µLµ, (18)
and recalling Eqs. (5), (7). Checking each combination
of indices we find,
U tL˜t ∼ Q0 (19)
U+L˜− ∼ Λ
Q
, (20)
U−L˜+ = 0. (21)
Therefore, the transverse term dominates, and the other
terms are power suppressed or zero.
C. Gauge-invariance calculation
We now give an explicit demonstration that∑
graphs Uµ′Kµ
′µ = 0. The graphs of Fig. 3 give
Uµ′(k) = gstαu¯(l2)
[
γµ
′
(
1
/l2 − /k −m
)
γν + γν
(
1
/k − /l1 −m
)
γµ
′
]
v(l1). (22)
5Then for the K-term we have
Uµ′Kµ
′µ = gstα
nµJ
k · nJ u¯(l2)
[
/k
(
1
/l2 − /k −m
)
γν + γν
(
1
/k − /l1 −m
)
/k
]
v(l1), (23)
to which we apply the following identities for /k:
/k = −(/l2 − /k −m) + (/l2 −m) in term 1, (24)
= (/k − /l1 −m) + (/l1 +m) in term 2. (25)
Using the Dirac equation for u¯(l2) and v(l1), we find that two terms vanish and the remaining terms exactly cancel,
so
Uµ′Kµ
′µ =
gstαn
µ
J
k · nJ [−u¯(l2)γ
νv(l1) + u¯(l2)γ
νv(l1)] = 0. (26)
Therefore, only the G-term survives, so that
M(1g) = Uµ′Gµ
′µLµ = UµL˜µ. (27)
We now have the power-counting of Eqs. (19)–(21). It is important to recognize that we wrote the amplitude in
the form of Eq. (27) without making any approximations. It is very tempting to replace k by an exactly collinear
value at the start of the argument, both in the upper, hard-scattering subgraph, and in Eqs. (11) and (12). The
approximated momentum is on-shell and has zero transverse momentum. This replacement is particularly natural to
make in the K term, and was made by Labastida and Sterman [5]. However, then we would have made an error in
each graph contributing to the K-term that is of order kt/Q relative to the super-leading power Q. That is, the error
would be of the same order as the leading terms in the final result. Using this kinematic approximation in the K term
also entails using it in the G term, and we would not have obtained the contribution to Gµ
′µ involving the transverse
components of k. If we make the collinear approximation in the upper subgraph but not in K, then the cancellation
of the K-terms in Eq. (23) is no longer exact. (The error would again be of order kt/Q relative to the super-leading
power.) These observations will be particularly important for obtaining the correct two-gluon contribution in Sect. V.
D. Leading-power Factorization
The next step in obtaining the factorization formula for scattering off a single target gluon is to drop power-
suppressed terms. This means we can drop the contribution from Eq. (20) and keep only the sum over transverse
components in Eq. (27). Furthermore, since we are restricting to the region of k given by Eq. (5), we can now
substitute the approximate parton momentum,
kˆ = (k+, 0,0t), (28)
into the upper bubble only. Thus the hard scattering is initiated, as is usual, by a massless on-shell parton of zero
transverse momentum. The amplitude is then
M(1g) =
2∑
j=1
Uj(l1, l2; kˆ)L˜j(P ; k) +O
(
Λ
Q
)
, (29)
where the index j runs only over the two transverse components. In an unpolarized cross section or structure function,
we square the amplitude and sum/integrate over final states. However, we have assumed above that the outgoing
quarks are at wide angles, so that the collinear approximation (28) for the gluon can be safely applied in the upper
part of the graphs.
But in the integral over all final states, there is also a leading contribution from the region where one of the
intermediate quark lines is collinear to the target, i.e., (k − l1) ∼ (k+ − l+1 , 0,0t) or (k − l2) ∼ (k+ − l+2 , 0,0t). This
contribution to the cross section is already taken into account at the parton-model level, and therefore an appropriate
subtraction should be made to avoid double counting, according to the principles summarized in the Appendix. Thus
the contribution of the graphs to the structure tensor takes the form
W ν2ν1 ∼
∑
j,j′
∫
dΠ Uν1 j(l1, l2; kˆ)Uν2 j
′ †(l1, l2; kˆ) L˜j(P ; k)L˜†j′ (P ; k)− subtraction terms +O
(
Λ
Q
)
. (30)
6Here, dΠ denotes the complete integration measure including sums over final states. The exact form of the subtraction
terms is found by making the parton-model approximation on the struck quark, appropriate for the region of phase
space where one of the quarks is target collinear. (The detailed steps for making this approximation are reviewed
in the introductory sections of Ref. [9].) We denote the parton-model approximation on the upper part of the
graph by TPMUj(l1, l2; kˆ)Uj′ †(l1, l2; kˆ). Furthermore, in the sum over final states for the unpolarized cross section,
Uj(l1, l2; kˆ)Uj′ †(l1, l2; kˆ) is diagonal in j and j′, so we may write Eq. (30) as,
W ∼
∫
dΠ

1
2
∑
j
(Uˆj Uˆj† − TPMUˆjUˆj†)



∑
j′
L˜j′ (P ; k)L˜†j′ (P ; k)

+O(Λ
Q
)
, (31)
where Uˆj ≡ Uj(l1, l2; kˆ). We note that the manipulations needed to obtain Eq. (31) can be made transparent by first
writing the contractions of the upper and lower bubbles in terms of sums over transverse polarizations:∑
j
Uj(l1, l2; kˆ)L˜j(P ; k) =
∑
i,j
∑
s
Uj(l1, l2; kˆ) (ǫt,j)s (ǫt,i)s L˜i(P ; k), (32)
where we have introduced transverse polarization vectors,
(ǫt,j)
1
= (0, 1, 0, 0), (ǫt,j)
2
= (0, 0, 1, 0). (33)
Then by the use of diagonality of Uj(l1, l2; kˆ)Uj′ †(l1, l2; kˆ) after the integral over the final state, the sums over
polarizations produce Eq. (31).
The first factor in the integrand of Eq. (31) is just the unpolarized squared amplitude for γ∗g → qq¯ scattering
minus a subtraction term. For the rest of this paper, we will ignore the details of implementing the double counting
subtraction since it only modifies the hard scattering but does not affect Ward identity arguments such as those of
Sect. III C.
Since Uj(l1, l2; kˆ) depends only on the plus component of k after the approximation of Eq. (31), the integration
over k− and kt depends only on the target bubble. Thus, we will ultimately identify the lowest order contribution to
the gluon PDF with the factor,
∑
X
k+
∫
dk−d2kt
(2π)4
∑
j′
L˜j′(P ; k)L˜†j′ (P ; k), (34)
where
∑
X represents a general sum/integral over the final states of the target bubble, and the factor k
+ gives the
standard normalization for the gluon density. The factorization formula that follows from Eq. (31) can thus be
expressed graphically as
W ∼
∫
dk+
2k+
∑
j


q
ǫj
l2
kˆ
l1
+
q
l1
kˆ
ǫj
l2 +
q
ǫj
l1
kˆ
l2 +
q
l1
l2
kˆ
ǫj

×
×

∑
X
k+
∫
dk−d2kt
(2π)4
∑
j′
L˜j′ (P ; k)L˜†j′(P ; k)

 − subtraction terms +O(Λ/Q). (35)
The upper part of the graph now has the interpretation of an on-shell scattering amplitude for a virtual photon to
scatter off a transversely polarized gluon with exactly collinear momentum. In a general treatment of factorization,
the steps of this section need to be generalized to more than one gluon, and factors like Eq. (34) need to be shown
to correspond to an operator definition of the gluon distribution function. Therefore, before we go further we must
examine the general properties of the gluon distribution function.
IV. THE GLUON DISTRIBUTION FUNCTION
A. Operator Definition
For Eq. (35) to be a consistent factorization formula for the single-gluon case, Eq. (34) should correspond to
the relevant contribution to the operator definition of the gluon PDF. The standard definition [6] of the integrated
7momentum space gluon distribution function for the proton is
fg/p(ξ, P ) ≡
2∑
j=1
∫
dw−
2πξP+
e−iξP
+w−〈P | G+j(0, w−,0t)PAG+j(0) |P 〉. (36)
Here ξ = k · nJ/P · nJ = k+/P+ is the longitudinal momentum fraction of the proton carried by the target gluon. To
make the definition exactly gauge invariant, we have inserted a Wilson line operator in the adjoint representation,
PA ≡ P exp
(
−igs
∫ w−
0
dy−A+β (0, y
−,0t)Tβ
)
, (37)
where the Tβ (β = 1, 2, . . .8) are the generators of SU(3) in the adjoint representation and P is the path-ordering
operation. The Tβ are related to the structure constants, fβγκ, by (Tβ)γκ = −ifβγκ. The color indices of PA are
contracted with those of the gauge field-strength tensor, whose definition we recall:
Gµνα (z) = ∂µAνα(z)− ∂νAµα(z)− gsfαβγAµβ(z)Aνγ(z). (38)
Then examining how to apply Eq. (36) in perturbative calculations yields Feynman rules for the gluon PDF. In
perturbative calculations, it is convenient to substitute the following identity for the Wilson line operator,
P exp
(
−igs
∫ w−
0
dy−A+β (0, y
−,0t)Tβ
)
=
[
P exp
(
−igs
∫ ∞
0
dy−A+β (y
− + w−)Tβ
)]†
P exp
(
−igs
∫ ∞
0
dy′−A+β (y
′−)Tβ
)
, (39)
and to insert a complete sum over final states. Then Eq. (36) becomes
fg/p(ξ, P ) =
∑
X
∑
α
2∑
j=1
∫
dw−
2πξP+
e−iξP
+w−〈P | G+jα (0, w−,0t)
[
P exp
(
−igs
∫ ∞
0
dy−A+β (y
− + w−)Tβ
)]†
|X〉×
× 〈X |P exp
(
−igs
∫ ∞
0
dy′−A+β (y
′−)Tβ
)
G+jα (0) |P 〉. (40)
The symbol
∑
X includes all sums and integrals over final states. Expanding the Wilson line in small coupling gives
the relation,
P exp
(
−igs
∫ ∞
0
dy−A+β (y
−)Tβ
)
= 1 + P
∞∑
N=1
(−igs)N
N !
N∏
i=1
∫ ∞
0
dy−i A
+
β (y
−
i )Tβ. (41)
The Feynman rules for the gluon PDF are found by using Eqs. (41), (38) inside Eq. (40) and directly applying the
rules of ordinary perturbation theory.
B. Lowest Order
We now expand the operators in Eq. (40) in powers of gs. At zeroth order, only the derivative terms in Eq. (38)
contribute to Eq. (40):
fg/p(ξ, P ) =
∑
X
∑
α
2∑
j=1
∫
dw−
2πξP+
e−iξP
+w−〈P | (∂+Ajα(w−)− ∂jA+α (w−)) |X〉〈X | (∂+Ajα(0)− ∂jA+α (0)) |P 〉. (42)
Directly applying the rules of perturbation theory yields
f
(1g)
g/p (ξ, P ) = ξP
+
∫
dk−d2kt
(2π)4
∑
α
2∑
j=1
(
gjµ1 − k
jnµ1J
k · nJ
)(
gjµ2 − k
jnµ2J
k · nJ
)
Lαµ1(P ; k)Lα †µ2 (P ; k), (43)
8where the factors Lαµ1 and Lα †µ2 denote the parts of the incoming target bubble to the left and right of the final-state
cut, with their color indices. Equation (43) is exactly what we asserted to be the gluon-density factor, Eq. (34), for
DIS with a single target gluon. To express Eq. (43) diagrammatically, we define the following Feynman rules: There
is a lower bubble representing the incoming target,
= L. (44)
For the gjµ − kjnµJ/k · nJ factors in Eq. (43) we use the notation
k = g
jµ1 − k
jnµ1J
k · nJ . (45)
Since Eq. (45) modifies the vertex to the gluon from the target bubble in Eq. (43), we refer to it as the “special”
vertex. Diagrammatically, we notate the contribution to the gluon PDF from a single gluon emission on each side of
the cut as
f
(1g)
g/p (ξ, P ) = . (46)
Implicit in this notation are an overall factor of ξP+, integrals of k− and kt, and a sum over the gluon color index α.
Then Eq. (35) can be written as
W ∼
∫
dk+
2k+
∑
j


q
ǫj
l2
kˆ
l1
+
q
l1
kˆ
ǫj
l2 +
q
ǫj
l1
kˆ
l2 +
q
l1
l2
kˆ
ǫj

×
×



− subtraction terms +O(Λ/Q). (47)
C. Beyond Lowest Order
General Feynman rules for the gluon PDF, Eq. (36), are found [6] by keeping other terms in the expansion of the
Wilson line operator, and the third term in Eq. (38). To start out, let us ignore the third term in Eq. (38). Looking
only at the operators on one side of the final-state cut and using Eq. (41), we get factors in the integrand of the form
− i
(
k1 · nJgjµ1 − kj1nµ1J
) igsnµ2J fα1α2κ2∑N
i=2 ki · nJ − i0
× igsn
µ3
J fκ2α3κ3∑N
i=3 ki · nJ − i0
× · · · × igsn
µN
J fκN−1αNκN
kN · nJ − i0 L
α1···αN
µ1···µN . (48)
At this order of perturbation theory, N gluons are emitted from the target bubble, with color indices α1, · · · , αN .
Now we treat the contributions which use the third term in the field-strength tensor Eq. (38). To stay at the same
order of perturbation theory as in (48), we must drop down one order in the expansion of the Wilson line operator.
Thus, we obtain contributions of the form
gsfα1α2κ2g
jµ1nµ2J ×
igsn
µ3
J fκ2α3κ3∑N
i=3 ki · nJ − i0
× · · · × igsn
µN
J fκN−1αNκN
kN · nJ − i0 L
α1···αN
µ1···µN . (49)
9l
=
i
l·nJ+i0
β
ακ
= gsn
µ
Jfαβκ
j
k1
k
= gjµ −
k
j
1
n
µ
J
k·nJ
−
∑N
i=2 ki
(a) (b) (c)
FIG. 4: Feynman rules for the gluon distribution function.
FIG. 5: A general contribution to the gluon distribution function.
Rather than treating the derivative terms and the third term in Eq. (36) separately, we can combine (48) and (49) at
each order of perturbation theory. The complete contribution is then
− i
(
k · nJgjµ1 − kj1nµ1J
) igsnµ2J fα1α2κ2∑N
i=2 ki · nJ − i0
× igsn
µ3
J fκ2α3κ3∑N
i=3 ki · nJ − i0
× · · · × igsn
µN
J fκN−1αNκN
kN · nJ − i0 L
α1···αN
µ1···µN . (50)
The first factor in (50) tells us what the special gluon vertex analogous to Eq. (45) is for N gluons. It differs from
the corresponding factor in (48) by having the gluon momentum k1 replaced by the total momentum k in the first
term only. We therefore obtain the Feynman rules for the gluon PDF shown in Fig. 4, where factors −i and i on the
left and the right of the final-state cut have been dropped, and we have removed a factor of k+ = k · nJ, just as in
Eq. (45). A general contribution to the gluon PDF is illustrated in Fig 5. To simplify expressions, in later sections
we will drop the explicit appearance of −i0 in the eikonal denominators.
V. SCATTERING OFF TWO COLLINEAR GLUONS
We now extend the treatment of Sect. III to the case of two target-collinear gluons. The graphs under consideration
are shown in Fig. 6. Our aim is to show that when the graphs are summed, Ward identities similar to what were
used in Sect. III lead to a factorized structure. For a consistent factorization formula, the resulting gluon PDF should
correspond to what is obtained using the Feynman rules of Fig. 4.
A. Power counting and K, G decomposition
As in the previous sections, we write the amplitude obtained from the graphs in Fig. 6 as the contraction of an
upper part and a lower part, connected by gluon-propagator numerators:
M(2g) = Uµ′1µ′2gµ
′
1µ1gµ
′
2µ2Lµ1µ2 . (51)
All incoming gluons are target collinear, with the sizes of the momentum components given in Eq. (5). The gluons
have leading contributions from regions where they are far off-shell, but these contribute only at high order in g2s .
Furthermore, since there are only gluon-fermion couplings in the upper part of the graph, ghosts do not enter at this
level of the calculation. A general, all-orders proof will need to take into account ghost attachments as well.
The upper part has one more external gluon than before, so its dimension is reduced by a single power of Q; all the
components of Uµ′
1
µ′
2
are therefore to be treated as order Q−1. The lower bubble now includes two Lorentz indices,
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FIG. 6: DIS with two target-collinear gluons.
and in the boosted frame has, up to overall powers of order Λ, the power dependence,
L++ ∼ Q
2
Λ2
, (52)
Lt+ ∼ L+t ∼ Q
Λ
, (53)
Ltt ∼ L+− ∼ L−+ ∼ Q0, (54)
Lt− ∼ L−t ∼ Λ
Q
, (55)
L−− ∼ Λ
2
Q2
. (56)
Combined with the Q−1 factor from U , this gives a super-leading contribution from the ++ components, leading
contributions from the +t and t+ components, and power-suppressed contributions from the other components.
That the ++ term gives a superleading result is an example of a general result from power-counting arguments: A
superleading contribution arises whenever all the gluons joining the collinear and hard subgraphs are longitudinally
polarized. We will show that there is a cancellation after a sum over all graphs for U leaving a result that is just
leading power. That there is a leading contribution from the t+ and +t terms is expected: They correspond to a hard
scattering on a transversely polarized gluon accompanied by a longitudinally polarized gluon. The remaining terms
are of a non-leading power, and we can therefore ignore them. We will show that after a sum over graphs, the total of
the ++, +t and t+ terms is equivalent at leading power to a hard scattering off a single transversely polarized gluon
multiplied by the appropriate two-gluon factor obtained from the Feynman rules for the gluon PDF.
Just as with the single-gluon case, we split the propagator numerators into K and G terms:
gµ
′
1µ1 = K
µ′1µ1
1 +G
µ′1µ1
1 , (57)
gµ
′
2µ2 = K
µ′2µ2
2 +G
µ′2µ2
2 , (58)
where K1, K2, G1 and G2 are defined just like K, G, except for the replacement of k by the appropriate gluon
momentum, k1 or k2. So we write Eq. (51) as
M(2g) = Uµ′
1
µ′
2
(
K
µ′1µ1
1 K
µ′2µ2
2 +G
µ′1µ1
1 K
µ′2µ2
2 +K
µ′1µ1
1 G
µ′2µ2
2 +G
µ′1µ1
1 G
µ′2µ2
2
)
Lµ1µ2 . (59)
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Exactly as in the previous section, the K1K2 term gives a super-leading contribution, graph-by-graph, while the K1G2
and G1K2 terms are leading. The G1G2 term is power suppressed, and so we neglect it. Each of the non-suppressed
terms has a factor of K1 or K2, so we will next apply gauge invariance to get a result of the general form
M(2g) = Uρ′(k1 + k2) gρ
′ρ (· · · )ρ +O (Λ/Q) . (60)
The first factor is just the basic amplitude already considered in the previous section, but with gluon momentum
k1 + k2:
Uρ′(k1 + k2) =

 q
k1 + k2
l1
l2
+
q
k1 + k2
l1
l2


ρ′
. (61)
The remaining factor (· · · )ρ will determine what “special” vertex, analogous to Eq. (45), we should use for the gluon
density.
B. Gauge invariance on K2 factor
We first apply the method of Sec. III C to a single K-gluon in Eq. (59). The explicit expression for the upper
bubbles in the first three graphs in Fig. 6 is
Uµ
′
1µ
′
2
(a–c) = g
2
s u¯(l2)
[
γµ
′
2
(
1
/l2 − /k2 −m
)
γµ
′
1
(
1
/l2 − /k1 − /k2 −m
)
γνtβtα+
+ γµ
′
1
(
1
/l2 − /k1 −m
)
γµ
′
2
(
1
/l2 − /k1 − /k2 −m
)
γνtαtβ + γ
µ′1
(
1
/l2 − /k1 −m
)
γν
(
1
/k2 − /l1 −m
)
γµ
′
2tαtβ
]
v(l1).
(62)
We organize these graphs by having the k1 gluon attached in one place on the quark line, and then the graphs
correspond to the different possible placements of the k2 gluon. Similarly, for the other three graphs,
Uµ
′
1µ
′
2
(d–f) = g
2
s u¯(l2)
[
γν
(
1
/k2 + /k1 − /l1 −m
)
γµ
′
1
(
1
/k2 − /l1 −m
)
γµ
′
2tαtβ+
+ γν
(
1
/k1 + /k2 − /l1 −m
)
γµ
′
2
(
1
/k1 − /l1 −m
)
γµ
′
1tβtα + γ
µ′2
(
1
/l2 − /k2 −m
)
γν
(
1
/k1 − /l1 −m
)
γµ
′
1tβtα
]
v(l1).
(63)
In Eq. (59), the terms that are leading or super-leading have at least one K-gluon, to which we apply the method
of Sec. III C. We start with the case of any term involving K2. For graphs (a)–(c), we have a factor[
Uµ′
1
µ′
2
K
µ′2µ2
2
]
(a–c)
= g2s u¯(l2)
[
/k2
(
1
/l2 − /k2 −m
)
γµ′
1
(
1
/l2 − /k1 − /k2 −m
)
γνtβtα+
+γµ′
1
(
1
/l2 − /k1 −m
)
/k2
(
1
/l2 − /k1 − /k2 −m
)
γνtαtβ+ γµ′
1
(
1
/l2 − /k1 −m
)
γν
(
1
/k2 − /l1 −m
)
/k2tαtβ
]
nµ2J
k2 · nJ v(l1).
(64)
Calling the terms in brackets term 1, term 2, and term 3, we now make use of the following identities:
/k2 = −(/l2 − /k2 −m) + (/l2 −m) in term 1, (65)
= −(/l2 − /k1 − /k2 −m) + (/l2 − /k1 −m) in term 2, (66)
= (/k2 − /l1 −m) + (/l1 +m) in term 3. (67)
Using the Dirac equation to eliminate two of the terms, we then have
[
Uµ′
1
µ′
2
K
µ′2µ2
2
]
(a–c)
= g2s u¯(l2)
[
−γµ′
1
(
1
/l2 − /k1 − /k2 −m
)
γνtβtα+
+ γµ′
1
(
1
/l2 − /k1 − /k2 −m
)
γνtαtβ − γµ′
1
(
1
/l2 − /k1 −m
)
γνtαtβ + γµ′
1
(
1
/l2 − /k1 −m
)
γνtαtβ
]
v(l1)
nµ2J
k2 · nJ . (68)
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The last two terms cancel because of the Abelian nature of the QED coupling. However, the remaining terms lead to
a non-vanishing result due to the non-vanishing commutation relations for tα and tβ ,
[
Uµ′
1
µ′
2
K
µ′2µ2
2
]
(a–c)
= gsu¯(l2)γµ′
1
tκ
(
1
/l2 − /k1 − /k2 −m
)
γνv(l1)
[
igsfαβκ
nµ2J
k2 · nJ
]
. (69)
Similarly for graphs (d)–(f) we have
[
Uµ′
1
µ′
2
K
µ′2µ2
2
]
(d–f)
= gsu¯(l2)γ
ν
(
1
/k2 + /k1 − /l1 −m
)
γµ′
1
tκv(l1)
[
igsfαβκ
nµ2J
k2 · nJ
]
. (70)
Adding Eqs. (69) and (70), we get
Uµ′
1
µ′
2
K
µ′2µ2
2 = gsu¯(l2)
[
γµ′
1
tκ
(
1
/l2 − /k1 − /k2 −m
)
γν + γν
(
1
/k2 + /k1 − /l1 −m
)
γµ′
1
tκ
]
v(l1)
[
igsfαβκ
nµ2J
k2 · nJ
]
. (71)
This is the general expression for the upper bubble when it is contracted with the K2-term from gluon 2. Notice that
it vanishes when the theory is Abelian. This is an example of a general result that K-gluons give zero contribution
in an Abelian gauge theory. Notice also that it is of the form of the upper factor (22) for one gluon of momentum
k1 + k2, times an eikonal factor.
C. Gauge invariance on K1 factor
If we instead consider the contraction of the upper bubble with the K1 gluon from gluon 1, then exactly similar
steps lead to,
Uµ′
1
µ′
2
K
µ′1µ1
1 = −gsu¯(l2)
[
γµ′
2
tκ
(
1
/l2 − /k1 − /k2 −m
)
γν + γν
(
1
/k2 + /k1 − /l1 −m
)
γµ′
2
tκ
]
v(l1)
[
igsfαβκ
nµ1J
k1 · nJ
]
.
(72)
Note the overall minus sign that arises from the reversed roles of gluon 1 and gluon 2. To complete the analysis, we
must consider the separate cases: where the other gluon is also a K-gluon, or where one gluon is a K-gluon and the
other is a G-gluon.
D. K1K2 term
The K1K2 term in Eq. (59) follows immediately from Eq. (71) when we include the contraction with K1:
Uµ′
1
µ′
2
K
µ′1µ1
1 K
µ′2µ2
2 = gsu¯(l2)
[
γρtκ
(
1
/l2 − /k1 − /k2 −m
)
γν + γν
(
1
/k2 + /k1 − /l1 −m
)
γρtκ
]
v(l1)×
×
[
igsfαβκk
ρ
1
nµ1J n
µ2
J
(k1 · nJ)(k2 · nJ)
]
. (73)
This has the form of the amplitude (22) with a single gluon of momentum k1 + k2 multiplied by a special vertex.
Thus for the K1K2 term in Eq. (59), we have:
Uαβµ′
1
µ′
2
K
µ′1µ1
1 K
µ′2µ2
2 Lαβµ1µ2 = Uκρ′(k1 + k2) gρ
′ρ
[
igsfαβκk1,ρ
nµ1J n
µ2
J
(k1 · nJ)(k2 · nJ)
]
Lαβµ1µ2 . (74)
The two K-gluons have been factored out into eikonal couplings. A diagrammatic representation of Eq. (73) is shown
in Fig. 7. Note that this term would exactly vanish in an Abelian theory, where fαβκ = 0.
Graph-by-graph, this is still super-leading, since the factor of gρ
′ρ and everything to its right power-counts just
like Lρ′ for the case of one-gluon exchange. Furthermore, (74) is not symmetric between the gluon momenta, k1 and
k2, despite the symmetric occurrence of K1 and K2 factors on the left-hand side. Both problems are remedied by
applying the K +G decomposition to the gρ
′ρ factor in Eq. (74):
gρ
′ρ = Kρ
′ρ
(1+2) +G
ρ′ρ
(1+2), (75)
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FIG. 7: Graphical structure of the K1-K2 term. The arrows are used to represent K-gluons which couple to the quark via the
special coupling in Eq. (74).
where
Kρ
′ρ
(1+2) =
(k1 + k2)
ρ′
(k1 + k2) · nJn
ρ
J, (76)
Gρ
′ρ
(1+2) = g
ρ′ρ − (k1 + k2)
ρ′
(k1 + k2) · nJn
ρ
J. (77)
The K(1+2) term gives zero when multiplied with Uρ′(k1 + k2) (see the calculation in Sect. III C). This removes the
super-leading part, just as in one-gluon exchange, leaving only the G(1+2) term. Hence, the K1K2 term is
Uρ′(k1 + k2)Gρ
′ρ
(1+2)
[
igsfαβκk1,ρ
nµ1J n
µ2
J
(k2 · nJ)(k2 · nJ)
]
Lαβµ1µ2
= Uρ′(k1 + k2) igsfαβκn
µ1
J n
µ2
J
(k1 · nJ)(k2 · nJ)(k1 + k2) · nJ
(
kρ
′
1 (k2 · nJ)− kρ
′
2 (k1 · nJ)
)
Lαβµ1µ2 . (78)
Thus it has the structure of Eq. (60).
E. G1K2 term
We next apply Eq. (71) to the G1K2 term to obtain
Uαβµ′
1
µ′
2
G
µ′1µ1
1 K
µ′2µ2
2 Lαβµ1µ2 = Uκρ (k1 + k2)
[
igsfαβκ
(
gρµ1 − k
ρ
1n
µ1
J
k1 · nJ
)
nµ2J
k2 · nJ
]
Lαβµ1µ2 , (79)
again with the structure of Eq. (60). As already observed, there is no super-leading contribution from the G1K2 term,
only a leading-power contribution.
F. K1G2 term
For the K1G2 term we similarly obtain
Uαβµ′
1
µ′
2
K
µ′1µ1
1 G
µ′2µ2
2 Lαβµ1µ2 = Uκρ (k1 + k2)
[
−igsfαβκ
(
gρµ2 − k
ρ
2n
µ2
J
k2 · nJ
)
nµ1J
k1 · nJ
]
Lαβµ1µ2 . (80)
Note the overall minus sign relative to Eq. (79) that arises because of the reversed role of gluons 1 and 2. A graphical
representation of the factorization in Eqs. (79) and (80) is shown in Fig. 8.
G. Factorization and the Gluon Distribution Function
Adding Eqs. (78), (79), and (80) gives
M(2g) = Uκρ (k1 + k2)
{
igsfαβκ
[
gρµ1nµ2J
k2 · nJ −
gρµ2nµ1J
k1 · nJ +
nµ1J n
µ2
J
(k1 + k2) · nJ
(
kρ2
k1 · nJ −
kρ1
k2 · nJ
)]
Lαβµ1µ2
}
+O(Λ/Q) . (81)
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FIG. 8: Graphical structure of (a) the G1-K2 term and (b) the G2-K1 term.
This may be written compactly if we define the factor in braces to be
L˜κ,ρ(2g) = igsfαβκ
[
gρµ1nµ2J
k2 · nJ −
gρµ2nµ1J
k1 · nJ +
nµ1J n
µ2
J
(k1 + k2) · nJ
(
kρ2
k1 · nJ −
kρ1
k2 · nJ
)]
Lαβµ1µ2 . (82)
Normally a vector like this would have its ρ = + component power counting as Q/Λ. In fact this component is zero.
The reason is that it is constructed from a combination of G1, G2, and G(1+2), each of which gives this property
individually.
The importance of the last remark is that it shows that the dominant contribution, i.e., the leading-power contri-
bution, is from transverse values of ρ, so that U , which goes into the hard-scattering factor, can be treated as having
an incoming transversely polarized gluon. Compare this with what is found in Eq. (29).
It is the factor L˜κ,ρ(2g) which we would like to identify with a two-gluon factor in the amplitude for the gluon
distribution function. The derivation so far, where we have systematically eliminated super-leading contributions,
shows that we have a result with the standard leading power of Q, i.e., Q0. The leading terms are for ρ = j, a
transverse index:
L˜κj (2g)(P ; k1, k2) = igsfαβκ
[
nJ
µ2Lαβjµ2
k2 · nJ −
nJ
µ1Lαβµ1j
k1 · nJ +
nJ
µ1nJ
µ2
(k1 + k2) · nJ
(
k2 j
k1 · nJ −
k1 j
k2 · nJ
)
Lαβµ1µ2
]
∼ Q0. (83)
The steps for obtaining a factorization formula are now exactly analogous to the steps in Sect. III D. The analogue
of Eq. (29) for the case of two gluons is
M(2g) =
2∑
j=1
Uj(l1, l2; kˆ)L˜j(2g)(P ; k1, k2)
=
2∑
j=1


q
l1
l2
ǫj
kˆ
+
q
l1
l2
ǫj
kˆ


j


k1 + k2
L˜
P
k1 k2 +
k1 + k2
L˜
P
k1
k2


j
+O(Λ/Q). (84)
Here we have defined k = k1 + k2. The factor L˜j(2g)(P ; k1, k2), given in Eq. (83), is exactly
what is obtained from the Feynman rules for the gluon
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PDF listed in Fig. 4. This would not have happened if
we had neglected the K1K2 contribution from Sect. VD
to the leading behavior in Eq. (83). Equation (78) is
therefore important for agreement between the Feynman
rules for the gluon density and the leading contribution
to DIS.
To summarize this section, we find that leading-power
contributions arise when one or both gluons is longi-
tudinally polarized. With one longitudinally polarized
gluon, we get expected eikonal factors in Eqs. (79,80),
after a sum over graphs. These factors are analogous
to the eikonal propagators that appear in the quark
PDF, but they do not have the correct Feynman rules
to correspond to the gluon PDF. A further contribution
Eq. (78) arises when both gluons are longitudinally po-
larized. Previously, this contribution was expected to
vanish (see, e.g., [5]). But it is in fact non-vanishing, and
is needed for a correct correspondence with the definition
of the gluon PDF.
VI. SUMMARY AND CONCLUSION
We have given a direct illustration using gluon-induced
DIS that contributions from longitudinally polarized glu-
ons do not cancel in sums over graphs in Feynman gauge.
Indeed, they yield leading contributions that are needed
to correctly identify the standard gluon PDF. Calcula-
tions that go beyond lowest order in gs therefore require
care in how the polarization of external gluon lines is
treated, and involves keeping appropriate combinations
ofK- and G-terms in a Grammer-Yennie style treatment.
Although we have obtained our result for the simple case
of the integrated PDF, our arguments relied only on the
application of Ward identities at the amplitude level.
Therefore, similar results should hold for unintegrated
PDFs (and related objects like fragmentation functions)
once suitable definitions have been established. Since
Eq. (74) exactly vanishes in an Abelian theory, this re-
sult is a specific example of how the non-Abelian nature
of QCD can complicate factorization arguments.
Higher-order calculations of hard-scattering coeffi-
cients involve subtraction terms with multiple target-
collinear gluons, so the results obtained here are of direct
importance for obtaining correct hard-scattering coeffi-
cients beyond lowest order consistent with factorization
and a well-defined gluon PDF.
Standard power-counting shows that it is also possi-
ble to get leading contributions when the hard scatter-
ing is induced by Faddeev-Popov ghosts, but only at
higher order in the hard scattering than is treated in
this paper. It is natural to expect a generalization of
the known results [10, 11] for the operator product ex-
pansion that applies to moments of DIS structure func-
tions. On this basis we expect the general result to be
that the sum over all graphs gives extra contributions to
the factorization properties involving coefficients times
what we will call alien PDFs. The operators defining
FIG. 9: Handbag diagram for DIS.
FIG. 10: Parton model approximation to handbag diagram.
the alien PDFs are variations of certain parent oper-
ators under Becchi-Rouet-Stora-Tyutin transformations
and therefore vanish in physical matrix elements. Non-
vanishing of the Green functions of the alien operators
with off-shell quark and gluon states has caused calcula-
tional problems [12, 13].
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APPENDIX A: SUBTRACTIONS
We now review the subtractive approach — e.g., [15]
and Sect. VI of [9] — we use for determining the hard-
scattering factorization. It is generalized from the Bo-
goliubov approach to renormalization. Our strategy is
to recursively examine successively larger leading regions
for the DIS cross sections.
The procedure starts with a handbag-diagram struc-
ture — Fig. 9 — to give the LO term, i.e., the parton-
model formula. This term is obtained by an approxima-
tion valid to leading power when the incoming quark is
nearly on-shell and collinear to the target. The approx-
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FIG. 11: Generalized handbag diagram, with arbitrarily many
extra gluon exchanges.
imation is denoted by the hooked line in Fig. 10, and it
involves replacing the momentum of the struck quark in
the upper part of the graph by its parton-model approxi-
mation, which is massless, on-shell, and of zero transverse
momentum.
If a general graph contributing to the cross section is
denoted by Γ, then we call graphs where we make the
parton-model approximation TLOΓ. At this level we also
need to consider graphs with arbitrarily many target-
collinear gluons attaching to the the hard vertex — Fig.
11. A Ward identity allows the target-collinear gluons to
be disentangled from the LO hard-scattering coefficient.
Since there are no super-leading contributions in these
graphs, and since the relevant graphs are tree graphs,
the Ward identities are unproblematic.
The result is a convolution product of the LO hard-
scattering coefficient with a sum of graphs identifiable as
an expansion of the quark PDF. Schematically, the cross
section is then written,
σ = TLO
∑
Γ +O(g2sσ) +O
((
Λ
Q
)a
σ
)
=
= CLO ⊗ fq/p(Q2) +O(g2sσ) +O
((
Λ
Q
)a
σ
)
, (A1)
where fq/p(x,Q
2) is the quark PDF, CLO is the LO hard-
scattering coefficient (from the electromagnetic vertex),
and ⊗ symbolizes the usual convolution product.
Some of the errors in this approximation are power
suppressed, indicated by the term (Λ/Q)a where a > 0,
and we do not consider them further. Other errors are
caused by regions with larger transverse momentum for
the quarks and gluons, and by graphs not of the form of
Figs. 9 and 11. These will be covered by our treatment
of higher-order scattering, and are suppressed only by a
power of the strong coupling at scale Q, as indicated by
the term O(g2sσ).
Hence, we have the LO approximation to the DIS cross
section
σ ≈ σLO = CLO ⊗ fq/p(x,Q2). (A2)
To find the next-to-leading (NLO) contribution, we ex-
amine, among others, graphs of the topologies shown in
(a) (b)
FIG. 12: Examples of graphs giving NLO contributions for
DIS. These are the relevant ones for the gluon-induced term.
But note that there are also other graphs that give the quark-
induced NLO contributions.
−
FIG. 13: Generalized parton-model approximation to Fig.
12(a). Each graph corresponds to a term in Eq. (A4).
Fig. 12. Specific examples are included in the graphs we
treat in the main body of the paper. For the moment
we ignore the possibility of extra gluon exchanges. Some
of the graphs, e.g., Fig. 12(a), are among those already
considered in the LO approximation, merely viewed with
a different partition between the lower bubble and the
parton lines explicitly drawn at the top.
Therefore, before we can get the true NLO contribu-
tion, we must first subtract the LO approximation:∑
Γ− TLO
∑
Γ. (A3)
This is just the remainder from applying the approxima-
tion already considered in Eq. (A1). Finally, to evaluate
Eq. (A3), we apply approximations that are good for the
wide-angle 2 → 2 parton subprocesses, denoted by the
symbol TNLO:
TNLO
(∑
Γ− TLO
∑
Γ
)
=
∑
j
CNLO,j ⊗ fj/p(Q2),
(A4)
where we must now allow for a sum over parton flavors.
For the graph in Fig. 12(a), the result is shown graphi-
cally in Fig. 13.
If graphs like Fig. 12(a) were all that mattered, then
this would complete the discussion of the subtraction for-
malism. However, the gauge-invariant LO term needs a
generalized handbag structure including extra gluon ex-
changes, as in Fig. 11. There are thus corresponding
subtractions for graphs like Fig. 12(b), as shown in Fig.
14. Implementing the appropriate approximations and
applying Ward identities allows us to identify how the
second term in Fig. 14 contributes at LO. After applying
Ward identities, the second term in Fig. 14 can be written
diagrammatically as in Fig. 15. There we see the sepa-
17
−
FIG. 14: NLO term corresponding to Fig. 12(b), with sub-
traction for non-handbag LO contribution. The subtraction
term uses the same graph as the first term, but it has been
drawn differently to show that it gives a case of Fig. 11.
FIG. 15: Particular graph for gluon-induced NLO term, with
subtraction for non-handbag LO contribution.
ration of the graph into the LO hard-scattering matrix
element and a single-gluon contribution to the PDF.
Thus we see that evaluating Eq. (A4) for the NLO cor-
rection requires that we know exactly the single-gluon
correction to the quark PDF in Eq. (A2), since the defi-
nition of the approximation TLO
∑
Γ is what gives us the
lowest order, parton-model factorization in Eq. (A1). In
other words, using the subtraction approach to calculate
higher-order corrections to the hard-scattering coefficient
requires that we know exactly what we are subtracting.
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